To construct a model of metal foam that has rounded cells such as a real one, an implicit surface based modelling method has been proposed. In this method, uniformed points are first generated randomly by Poisson-disk sampling, and a Voronoi diagram is constructed from the points. In addition, an implicit function f (x) is generated in each of Voronoi cells by setting some constraints appropriately. An implicit surface is represented as f (x) = 0, and the constraints are set so that f (x) = 0 is generated inside each of Voronoi cells. In this model, walls of metal foam are represented by space between implicit surfaces of adjacent Voronoi cells. Rounded walls that have various thicknesses can be constructed by adjusting the constraints. In addition, the walls can be converted to a solid model constructed as tetrahedra filling the space.
Introduction
Metal foams have many cells and they have characteristics such as light weight and high capability of shock-absorbing. Since these characteristics are valuable, metal foams have recently received a lot of attention. Indeed, metal foams can be employed as materials for making productions such as vehicles and rockets. Hence, numerical simulations using a model of metal foam become increasingly important. Recently, as a model of metal foam, a Voronoi diagram-based method has been proposed [1] . In this method, uniformed points are first generated randomly by Poisson-disk sampling [2] , and a Voronoi diagram [3] is constructed from the points. However, the shapes of cells are generated as polyhedra. This is because the Voronoi cells, whose shapes are polyhedra, are directly employed for constructing cells of metal foam. Note that the cells of real metal foams tend to be rounded shapes.
On the other hand, there is a modelling technique by implicit surface [4] . By using the technique, a complex shaped surface can be represented smoothly. Hence, there is a possibility that a metal foam model with rounded cells is generated by using the technique.
The purpose of this study is to generate a metal foam model that has rounded cells. To this end, an implicit surface-based method for constructing the metal foam model is proposed in this paper. By using the proposed method, a midair model is first constructed.
To convert the midair model to a solid one, a strategy based on Delaunay tetrahedralization is also presented.
Generation of Implicit Surface
In this section, we present a generation method of scalar field as an implicit function g(x) from input point data. In this method, an implicit representation, g(x) = 0, constructs a surface expected from the input point data, where x = [x, y, z] T ∈ R 3 . The function g(x) is generated so that g(x) has the following properties:
{ g(x) > 0, (inside of the surface), g(x) < 0, (outside of the surface).
We refer to g(x) = 0 as an implicit surface. In what follows, we present a generation method of implicit surface based on the radial basis function (RBF) [4] . First, N nodes, X = {x 1 , x 2 , . . . , x N }, are placed in a domain. The n nodes contained in X are placed on the expected surface. In addition, other m nodes are placed in the domain, together with scalar height values, H = {h n+1 , h n+2 , . . . , h n+m }, at each of the m nodes, where N = n + m. Note that these scalar height values H are set so that (1) is satisfied. We can think of the surface as a scalar-valued function g(x) such that g(x i ) = 0, for 1 ≤ i ≤ n, and g(x i ) = h i , for n + 1 ≤ i ≤ n + m.
Next, we assume that the interpolating function is expressed as follows [4] :
where ϕ is an RBF, λ i are weights, x i = [x i , y i , z i ] T ∈ R 3 are the nodes X, and p(x) is a degree one polynomial: p(x) = α 0 + α 1 x + α 2 y + α 3 z. The unknowns λ i and α i are determined by solving the following linear systems [4] :
where λ = [λ 1 , λ 2 , . . . , λ N ] T ∈ R N , α = [α 0 , α 1 , α 2 , α 3 ] T ∈ R 4 , h = [h 1 , h 2 , . . . , h N ] T ∈ R N , ith-rows of P ∈ R N×4 are [1, x i , y i , z i ] and (i, j)-elements of A ∈ R N×N are ϕ(|x i − x j |), for 1 ≤ i, j ≤ N. Note that we set h i = 0 for 1 ≤ i ≤ n, since the function g(x) is equal to zero on each of the n nodes. Note that, since g(x) is a scalar field, an arbitrary iso-surface g(x) = c can be extracted, where c is a constant value. Although an iso-surface g(x) = c is not an implicit surface,we can define f (x) = g(x) − c. Hence, by using this definition, an arbitrary iso-surface can be represented as an implicit surface f (x) = 0. In what follows, we employ f (x) for modelling metal foams.
Modelling of Metal Foam
We propose the following method for generating a model of metal foam.
3-1 Generate N P points, P = {p 1 , p 2 , . . . , p N P }, randomly by Poisson-disk sampling [2] in a domain Ω (see Fig. 1 (a)). 3-2 Generate a Voronoi diagram [3] from the N P nodes generated in the process 3-1 (see Fig. 1(b) ). The ith Voronoi cell contained in the Voronoi diagram is represented as
3-3 Independently generate the ith implicit function f i (x) for each of Ω i for 1 ≤ i ≤ N P by setting X i and H i appropriately, where X i and H i denote nodes and scalar height values for Ω i , respectively (see Fig. 1 (c) and Fig. 2 ).
3-4 Obtain a model of metal foam as a set of f i (x) = 0 for 1 ≤ i ≤ N P (see Fig. 1(d) ).
In the above procedure 3-1, P are uniformly generated, since we employ the Poisson-disk sampling for random points generation. The Voronoi cells generated in the above procedure 3-2 become bases for generating cells of metal foam. In the model generated by conventional method [1] , the Voronoi cells were directly employed for generating cells of metal foam. Since the walls that separate the cells of metal foam have thicknesses, the Voronoi cells were converted to the shell-based geometric model into a solid model having a thickness [1] . Note that, in this model, the thickness of walls is constant, and the shapes of cells are similar with the shapes of Voronoi cells, i.e., polyhedra.
Since the wall thickness of real metal foams is not constant, and the cells of the ones tend to be rounded shapes, we employ implicit surfaces in this paper. In the above procedure 3-3, to construct a metal foam model that has rounded cells by implicit surfaces, X i and H i are appropriately set for generating f i (x) in Ω i . Note that, in the procedure 3-3, {x n+1 , x n+2 , . . . , x 2n } are gravity points of each face, and G = {g 1 , g 2 , . . . , g N P } are centroids of each Voronoi cell. Figure 2 shows a schematic view for setting X i , and an expected implicit surface f i (x) = 0. Note that, in this figure, m = n + 1, i.e., N = n + m = 2n + 1. The scalar height values H i are set so that f i (x) = 0 may be generated inside Ω i . Hence, as mentioned in the previous section, h k = 0 are set on x k for 1 ≤ k ≤ n. In addition, to satisfy(1), negative values are appropriately set as h k on x k for n + 1 ≤ k ≤ 2n. On x 2n+1 , a positive value is set as h 2n+1 . In this paper, h k for n + 1 ≤ k ≤ 2n + 1 are set so that f i (x) is generated as an approximate signed distance function. in a Voronoi cell. From the above, it is possible to generate a metal foam model shown in Fig. 4 . In addition, modelling result based on a Voronoi diagram is shown in Fig. 5 . In this modelling result, walls of metal foam are represented by space between adjacent implicit surfaces. Hence, by adjusting X i and H i , the rounded walls that have various thicknesses can be constructed.
Converting Midair Model to Solid Model
The model generated by the proposed method shown in Section 3 first becomes a midair model, i.e., the walls represented by the space between the implicit surfaces of the adjacent cells are empty (see Fig. 6 ). There is a possibility that the midair model may be applied to simulations based on the boundary element method, since the midair model has the boundary elements of the walls. However, it is difficult that the midair model is employed for the finite element method. In this section, we present a strategy for converting the midair model to solid one, so that the model can be applied to simulations based on the finite element method.
In this study, we consider generating the solid model by the Delaunay tetrahedralization, Figure 7 : Schematic view of the walls filled by tetrahedra i.e., the walls are filled by tetrahedra (see Fig. 7 ). Note that an algorithm of the Delaunay tetrahedralization can be found in [6] and in [7] . In the proposed method, the ith cell is represented as an implicit surface f i (x) = 0. In this study, we extract the ith implicit surface by using the marching cubes method. In this case, the ith implicit surface is given as a collection of point dataP (i) 
Although the connection of adjacent points is also given, this does not use for the process of constructing a solid model. In the strategy, P = {P (1) ,P (2) , . . . ,P (N P ) }, P, andN = {N (1) ,N (2) , . . . ,N (N P ) } are used, i.e., not only all points and normals obtained by the marching cubes method but also the points generated by Poisson-disk sampling are employed (see Fig. 8 (a)).
The Delaunay tetrahedralization can generate a result as a set of tetrahedra from almost all input point data. However, the shape of the result usually becomes a convex polyhedron. Namely, even if the original shape of input point data has concave aspects and holes, the shape of the result obtained by Delaunay tetrahedralization does not retain these aspects and holes, since it is impossible for both the inside and outside of the expected surface to be identified from only point coordinates.
Reference [5] indicates that the inside and outside of an expected surface can be identified by using normals. In what follows, we present the strategy based on the method in [5] .
In [5] , appropriate additional points that are positioned slightly inside the expected surface. The additional points are generated by projecting fromP along normalsN positioned atβ away from the given nodes, whereβ is a small positive value. Here, let the all additional nodes beP = {P (1) ,P (2) , . . . ,P (N P ) }, whereP (i) = {p (i) 1 ,p (i) 2 , . . . ,p (i) M i }, and
In the strategy, the input data of the Delaunay tetrahedralization is all points contained inP,P and P (see Fig. 8 (b)). Figure 8 (d) Tetrahedra that consist of onlyP and P.
In the strategy, the metal foam model generated as solid one can be obtained by deleting redundant tetrahedra, i.e., the tetrahedra of types (a) and (d) are deleted. Figure 8 (d) shows a schematic view of the result of a solid model obtained by the strategy. It must be noted here that if P is not contained in input data of Delaunay tetrahedralization, tetrahedra of the result can be labeled as one of (a), (b) and (c), and the solid model can . . be obtained by deleting tetrahedra of type (a). However, redundant tetrahedra sometimes unexpectedly remain inside holes of metal foam model after the tetrahedra of type (c) are deleted. To help deleting the unexpected tetrahedra, we employ P as input data of Delaunay tetrahedralization. This is because one of vertices of tetrahedra generated inside the holes becomes a point contained in P in many cases. Hence, by containing P as input data of Delaunay tetrahedralization, the strategy is more robust.
Removing Sharp Shapes
A Voronoi diagram generated in the procedure 3-2 described in Section 3 sometimes contains cells that have quite small faces shown in Fig. 9 . In this case, an implicit surface generated in a cell often has a sharp shape shown in the red circle in Fig. 11 . Overlap be- Figure 11 : Example of modelling result that has a sharp shape illustrated as the red circle.
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Distance " # (mm) Figure 12 : Relation between perimeter of faces and d (i) k before removing sharp shapes. tween adjacent an implicit surface is sometimes caused by the sharp shape. For this reason, we describe a strategy for removing the sharp shape. Before presenting the strategy, the relation between perimeter of kth face and d (i) k is first shown in Fig. 12 , where d (i) k denotes the distance between the gravity point x (i) k of kth face in ith cell and the centroid g i of the ith cell. We see from Fig. 12 that the faces whose perimeters are quite small tend to be far from the centroid. Hence, to remove the sharp shape, we present a strategy as follows: Fig. 10(a) ), where F i denotes the number of faces in the ith Voronoi cell, and
k is used instead of x (i) k in the next procedure. Fig. 10(b) ), and generate the ith implicit function f i (x) by the same method described as procedure 3-3 in Section 3. Note that, in comparing Fig. 2,x 
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By the above procedure 5-2, an additional point that is relatively far from the centroid shifts to the inside of the cell. As a result, a sharp shape in an implicit surface can be removed as shown in Fig. 13 . After applying the above strategy, the relation between perimeter of kth face and d (i) k is changed as shown in Fig. 14.
Using Periodic Boundary Condition
In the procedure 3-2 described in Section 3, we impose periodic boundary conditions for all directions to generate a Voronoi diagram. To obtain a solid model, if the strategy described in Section 4 is directly applied to a result based on the periodic boundary conditions, the solid model always becomes an unexpected one. This is because the strategy described in Section 4 does not assume the periodic boundary conditions. For this reason, we apply the strategy to a midair model containing in a domain Ω ′ that is defined by expanding an initial domain Ω shown in Fig. 15 . Note that this figure shows the modelling result that is periodically positioned, and we consider the points generated by Poisson-disk sampling also exist periodically for all directions. In addition, the implicit functions corresponding to the points contained in Ω ′ are considered as a part of the midair model for applying the strategy even if the implicit functions are overlapped with the boundaries of Ω ′ . After applying the strategy based on the Delaunay tetrahedralization, an expected solid model may be obtained by deleting tetrahedra contained in a domain Ω ′ − Ω. Figure 16 : A typical wall of real metal foam cross section [8] . The center of wall is the thinnest. 
Numerical Experiments
In this section, numerical experiments are conducted to investigate the performance of the proposed method for modelling of metal foams. To generate a model close to real metal foams, we employ the measured data described in [8] . In what follows, we present parameters for modelling by the proposed method. In addition, we also present some modelling results and these evaluations.
Parameters Based on Measured Data
First of all, we show a picture of typical walls of real metal foam in Fig. 16 [8] . In this figure, walls of metal foam have characteristics that the center of walls is the thinnest. We consider satisfying the characteristics to generate a metal foam model such as real one. In the proposed method, boundaries of walls are determined by positions of additional points x i for 1 ≤ i ≤ n (see Fig. 2 ). In this study, the additional points x i are positioned from gravity points of faces in each Voronoi cell. We consider setting each additional point so that the position becomes the thinnest part of a wall. To this end, we employ a measured thickness of real metal foam as shown in Table 1 [8] . Concretely, from Table 1 , we use the average value 0.1825 as the thinnest width of walls. Note that, in the proposed method, walls of metal foam model are represented as space between adjacent implicit surfaces (see Fig. 17(a) ). For this reason, the value β for generating additional points is fixed at the half value of the average value, i.e., β = 0.1825/2 = 0.09125 (see Fig. 17(b) ). It must be noted here that the scalar height values h i on additional points x i for 1 ≤ i ≤ n are fixed at h i = 0, since we expect that the implicit surfaces are generated through the additional points. In addition, the scalar height values on all gravity points of faces are fixed at −β, i.e., h i = −0.09125. This is because we expect that each implicit function in a cell is generated as an approximate signed distance function.
Evaluate the generated model
In the previous section, we only set parameters of the thinnest part of walls by employing the measured data in Table 2 . Namely, we do not set parameters for the widest part of walls. Note that an implicit function generated in each cell interpolates values of the height values on the points {x 1 , x 2 , . . . , x n+m } (see Fig. 3 ). Hence, the boundaries of walls can be generated though we do not set parameters for the thickest part of walls. In addition, we set the parameter of c as 0.065 in Table 2 . In Appendix B, we show a process for determining c = 0.065.
Here, a result of evaluation for a metal foam model generated by the proposed method are shown in Fig. 18 . In this figure, t (i) thin /t (i) thick is calculated in each cell, and the value is counted, where t (i) thin and t (i) thick are the averages of the thinnest and thickest parts of walls in ith cell, respectively. Namely, the value t (i) thin /t (i) thick represents a ratio between the thinnest and thickest parts in ith cell. In Appendix A, we describe a strategy for calculating t (i) thin and t (i) thick . Note that, in Fig. 18 , the red line shows position 0.1825/0.50 = 0.365 which is the ratio of thickness and thinness of walls in the real metal foam obtained from Table 1 . This is because we use the average shown in Table 1 for setting the thinnest width of walls as described in Section 7.1. We see from Fig. 18 that a lot of walls of the metal foam models have a similar thickness of measured values of a real metal foam. However, we also see from this figure that parts of walls have unexpected thickness in comparison with the measured values. In the worst case, t (i) thin /t (i) thick > 1. In this case, the thin and thick parts are replaced each other.
Modelling Result
In this section, we show modelling results of midair model by the proposed method described in Section 3. Note that, before generating the ith implicit function, the points {x 1 , x 2 , . . . , x 2n+1 } shown in Fig. 2 are first rescaled so that an axis-aligned bounding cube has a unit-length main diagonal. We also show a solid model that is converted from the midair model by the strategy described in Section 4. Note that the following results are generated by using parameters in Table 2 , and the strategy for removing sharp shapes described in Section 5 is applied for obtaining midair models.
A modelling result that is generated by the proposed method is shown in Fig. 19(a) . We see from this figure that the cells of metal foam model have rounded shapes.Hence, we consider that metal foam models that have rounded cells can be generated by the proposed method.
Next, since Fig. 19(a) is a midair model, the result of Fig. 19(a) is expanded as shown in Fig. 19(b) by using the periodic boundary conditions before converting the midair model to a solid one (see Section 6) . Note that the model of Fig. 19(a) has 76 cells and the model of Fig. 19(b) has 207 cells. Figure 19 (b) is converted to the solid model by the strategy described in Section 4. In addition, the result of the solid model shown in Fig. 20(a) is obtained after the redundant tetrahedra contained in Ω ′ − Ω are deleted (see Fig. 15 ). Here, we show Fig. 20(b) as the midair model contained in Ω. In this figure, the result is obtained in the same domain of the result in Fig. 20(a) . Note that, in Fig. 20(b) , the dark and bright parts are the outside and inside of cells, respectively. Figure 21 shows the same result of Fig. 20 (a) whose tetrahedra are colored randomly to distinguish each tetrahedron. Here, we show an enlarged view of walls of the solid model in Fig. 22 . From Figs. 20, 21 and 22, we consider that the walls are filled by tetrahedra, i.e., the midair model can be converted to a solid one by the strategy described in Section 4. Unfortunately, a few redundant tetrahedra may infrequently be found in cells such as shown in Fig. 23 . Hence, the solid model does not represent the structure of metal foams sufficiently. For this reason, at the current moment, the solid model may not be acceptable for applying the simulations based on the finite element method. Note that we consider removing the redundant tetrahedra in the solid models. By using a similar method described in [10] , there is a possibility of removing redundant tetrahedra.
Conclusion
To generate a metal foam model that has rounded cells, we propose an implicit surface-based method. In the proposed method, a Voronoi diagram is first constructed by using points generated using Poisson-disk sampling. Implicit functions are generated in each Voronoi cell, and the implicit surfaces are extracted from each implicit function by the marching cubes method. Since a midair model first constructed by using the proposed method, we present a strategy for converting the midair model to a solid one by the Delaunay tetrahedralization. In numerical experiments, midair models are generated by the proposed method using the parameters based on the measured values, and solid models are obtained by converting the midair models. Conclusions obtained in the present study are summarized as follows:
• Metal foam models that have rounded cells can be generated by the proposed method as midair model.
• Based on the evaluation of the wall width, a lot of walls of the metal foam models have a similar thickness of measured values of a real metal foam.
• By using the strategy for converting a midair model to solid one, the walls of metal foam models can be filled by tetrahedra. However, a few redundant tetrahedra remain in the cells.
As future work, we investigate about wall thicknesses of the metal foam models, since some walls do not have expected thicknesses. In addition, we consider removing the redun- dant tetrahedra in the solid models. By using a similar method described in [10] , there is a possibility of removing redundant tetrahedra. After redundant tetrahedra are deleted, for evaluating the solid models, we consider applying the models generated by the proposed method to simulations based on the finite element method.
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Appendix A. Strategy for determining t (i) thin and t (i) thick
In the numerical experiments, we evaluate the wall thicknesses of metal foam model obtained by the proposed method. In this evaluation, t (i) thin and t (i) thick are required, where t (i) thin and t (i) thick are the averages of the thinnest and thickest parts of walls in ith cell, respectively. The values t (i) thin and t (i) thick are determined by the following procedures.
= 0 is satisfied by the bisection method (see Fig. 24 
Here, x (i) k denotes the gravity point of kth face in ith Voronoi cell, and g i is the centroid in ith cell. Fig. 25 ). Here, x (i) l denotes the lth vertex in ith Voronoi cell, T i denotes the number of vertices in ith Voronoi cell, and u (i) Fig. 26 (a) and (b)), where n (i) k is the inward unit normal of kth face in ith cell. Note that, for each vertex of x (i) l , the number oft (i) j is the same as that of faces which contain x (i) l as one of vertices. For this reason, the total number W i oft (i) A-5 Calculate t (i) thick = 2(t (i) 1 +t (i) 2 + · · · +t (i) W i )/W i .
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Note that, in the above procedures A-2 and A-5, we use two times value of the summation for calculating the averages t (i) thin and t (i) thick . This is because half width of walls is determined in each cell(see Fig.17 ). By doubling, we consider t (i) thin and t (i) thick as averages of the thinnest and thickest widths of walls in the ith cell, respectively. Note that we eventually use the values t (i) thin /t (i) thick (1 ≤ i ≤ N P ) for evaluation in Section 7.2. For this reason, the doubling is of no concern to the evaluation result in fact.
Appendix B. Determining an Appropriate Value of c.
In section 7.2, we generate a midair model with c = 0.065 (see Table 2 ). Note that the value c appears in the definition of f (x) (see the last paragraph in Section 2), and this value is im- Figure 27 : A midair model generated with c = 0.0. The red frame is the region of enlarged views in Table 3 . In this figure, the dark and bright parts are the outside and inside of cells, respectively. Note that dark and bright parts for midair models are defined inversely in other figures except Fig. 20(b) .
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portant for generating a midair model. In this section, we describe a process for determining an appropriate value of c.
First, we show a midair model in Fig. 27 which is generated with c = 0.0. Note that, in this figure, the generated result contained in domain Ω is illustrated such as similarly shown in Fig. 20(b) . In Fig. 27 , the dark and bright parts are the outside and inside of cells, respectively. In Table 3 , we show four kinds of midair models obtained with c = 0.0, 0.04, 0.08, and 0.12, respectively. These figures in Table 3 illustrate enlarged views for cells contained in the red frame of Fig. 27 for each value of c. This table also contains evaluation results corresponding to each value of c. The red line shown in each evaluation result is 0.365, i.e., the ratio of thickness and thinness of walls in the real metal foam (see Section 7.2). Note that the evaluation results are obtained by using the strategy described in Appendix A. We see from Table 3 that the maximum number of counts for the ratio t (i) thin /t (i) thick is changed, depending on the value of c. Based on the evaluation results in Table 3 , the red line for c = 0.04 coincides the maximum number of counts. However, overlaps between adjacent cells are found in the figure of enlarged view for c = 0.04. Here, the overlaps are the black parts contained in red ellipses of this figure. Since an adjacent cell is overlapped, the outside of the adjacent cell is viewable. Note that the outside of cells is represented as dark colors. Overlap parts are increased when c is decreased (see the enlarged view for c = 0.0), while the ones are decreased when c is increased. If the overlaps exist in a midair model, the walls between adjacent cells are not generated appropriately. This is because, in a midair model generated by the proposed method, the walls are represented by the empty spaces between adjacent cells. From enlarged views in Table 3 , the overlaps are not found for c = 0.08 and 0.12. Namely, an appropriate value for c may be found in a range 0.04 < c ≤ 0.08. Hence, in Section 7.2, we set c = 0.065 contained in the range. An appropriate value of c depends on positions of points generated by Poisson-disk sampling and a shape of the Voronoi diagram. Besides, it is difficult that an appropriate value of c is determined analytically. Hence, a preliminary experiment based on the process described in this section is necessary for determining an appropriate value of c. Table 3 : Midair models and their evaluation results for c = 0.0, 0.04, 0.08, and 0.12. Midair models shown in this table are enlarged views contained in the red frame in Fig. 27 . 
